
CSCI 0220 Hershkowitz

Homework 7
Due: November 3, 2025

All homeworks are due at 6:00 PM on Gradescope. You will receive full credit for
this homework for turning anything in on Gradescope.

Please do not include any identifying information about yourself in the
handin, including your Banner ID.

Problem 1

Show that all of the following sets have cardinality equal to the cardinality of the
integers |Z| by giving a function that is a bijection from the set to Z; you don’t need
to prove that your function is bijective, just give the function.

a. The even integers Zeven.

b. The natural numbers N = {0, 1, 2, . . .}.
c. All triples of natural numbers N× N× N.
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Problem 2

Ellis is choosing a new exciting password. The requirements for his (case-sensitive)
password are that:

• The password must consist of 5 or 6 valid characters.

• A valid character is either a lower case letter (“a” through “z” of which there
are 26), an upper case letter (“A” through “Z” of which there are 26) or the
symbol “!”.

• The password must include exactly one “!”.

For example, some valid and distinct passwords are “CSYa!”, “CsYa!” and “Cs!Yay”.

a. Give the number of possible passwords. Justify your answer using (formal or
informal) counting rules.

b. Suppose we add the additional constraint to the passwords that

• The first letter can be upper or lower case (even if it occurs after the “!”)
but each letter must be the opposite case of the previous letter. Here, if a
letter occurs just after “!” but is not the first letter, then it must be the
opposite case of the letter just before the “!”

For example, with this additional constraint, some valid and distinct passwords
are “CsYa!”, “cSyA!”, “Cs!YaY”, “cS!yAy”, “!cSyAy” and “!CsYaY”.

Give the number of possible passwords with this additional constraint. Justify
your answer using (formal or informal) counting rules.
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Problem 3

Five people, labeled A, B, C, D, and E, are standing in a circular standoff. Two
standoffs are considered the same if they involve the same participants in the same
clockwise order.

For instance, these standoffs are the same:

A

B

C D

E

E

A

B C

D

This one is different from the two above:

E

D

C B

A

a. Unbeknownst to the others, A and B have secretly made a pact and must
always stand next to each other. In how many ways can the five people form
their standoff? Justify your answer.

b. Two more people, F and G, hear about the standoff and want to join, but there
is only room for 5 people in the circle. In how many ways can the seven people
form their standoff? (Assume A and B can now stand anywhere.) Justify your
answer.

c. Suppose A and B must stand next to each other, but only if they are both
among the 5 chosen for the standoff. (For example, if B is in the standoff and
A is not, then there are no restrictions on where B stands.) In how many ways
can the seven people form their standoff under this condition? Justify your
answer.
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Problem 4

Consider the following equation with variables {x1, x2, x3}:

x1 + x2 + x3 = 200

In each of the following parts, be sure to justify your answer.

a. Count the number of solutions to this equation which satisfy xi ≥ 0 and xi ∈ Z
for every i. Some example distinct solutions are: x1 = 0, x2 = 190, x3 = 10,
and x1 = 198, x2 = 1, x3 = 1.

b. Now, suppose we additionally require that our solution has x1 > 0. Count the
number of solutions with this additional constraint.
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Problem 5

Suppose that n is a positive integer divisible by 12. Let A = {4, 8, 12, . . . , n} be all
multiples of 4 up to n and let B = {6, 12, 18, . . . , n} be all multiples of 6 up to n.
Show that |A ∪B| = n

3
.
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Problem 6

Prove that if A is a set of n + 1 integers, then there are two distinct a, b ∈ A such
that n | a− b.
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Problem 7 (Mind Bender)

You have 101 dalmatians where the ith dalmatian has si spots for some non-negative
si ∈ Z. Prove that there is a non-empty subset of your dalmatians whose total
number of spots is divisible by 101.
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