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1 Number Theory

Number theory is the study of the integers. For this section, all numbers are integers.

1.1 Key Concept Review

We begin by reviewing the key number theory concepts.

1.1.1 Division

Definition 1 (Divides). x divides y means there is an integer k such that y = xk

We notate x divides y with “x|y”. Equivalently, we say that y is a multiple of x. If x | y then we
say that x is a divisor of y.

Example
5 divides 15 because 15 = 5 · 3.

Definition 2 (Integer Linear Combination). c is an integer linear combination of and a
and b if there are integers ka and kb such that c = ka · a+ kb · b.

Theorem (Division Theorem). For any x, y, there is a (unique) pair k, r s.t. 0 ≤ r < x and

y = kx+ r.

Above, we refer to k as the quotient of y divided by x and r as the remainder of y divided by
x (which we notate with rem(y, x)).

Practice Problem(s)

1. Use the Division Theorem to find the quotient and remainder when 53 is divided by 6.

2. Use the Division Theorem to find the quotient and remainder when 120 is divided by
12.

1.1.2 Fundamental Theorem of Arithmetic

The Fundamental Theorem of Arithmetic uniquely defines numbers as prime products.
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Theorem (Fundamental Theorem of Arithmetic). Every x ≥ 2 is either prime or the unique
product of primes.

Example
9 = 3 · 3 and the only way to get 9 by multiplying primes is by multiplying 3, 3. Similarly
12 = 2 · 2 · 3 and the only way to get 12 by multiplying primes is by multiplying 2, 2, 3.

The set of primes we multiply to get a number is called its prime factorization.

The below is a useful way of breaking apart a number into its prime factorization.

Theorem. For all x, y ≥ 2, the prime factorization of x · y is x’s combined with y’s.

Example
168 = 21 · 8 = (7 · 3) · 8 = (7 · 3) · (2 · 4) = (7 · 3) · (2 · (2 · 2)) so the prime factorization of
168 is 7, 3, 2, 2, 2.

A similarly useful result relates prime factorization to division.

Theorem. For all x, y ≥ 2, if we have x | y iff x’s prime factorization is contained in y’s.

1.1.3 GCD

Definition 3 (Greatest Common Divisor (GCD)). The greatest common divisor (GCD) of
a and b is the largest x such that x is a divisor of a and b.

We notate the GCD of a and b with gcd(a, b).

Example
For any a, we have gcd(0, a) = a.

To find the gcd of two numbers, we can run Euclid’s algorithm. Euclid’s algorithm relies on the
following key lemma

Lemma. For any a, b we have gcd(a, b) = gcd(rem(b, a), a).

Using this lemma we can show the following.
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Corollary. For all a, b, c, we have c is an integer linear combination of a and b iff it is a
multiple of gcd(a, b).

Practice Problem(s)
A bug is standing on a grid and can take four possible kinds of steps: (9, 2), (−12, 3),
(3,−6), (−9,−12). Prove that if the bug starts at (0, 0) then it can never reach (1, 1).

Definition 4 (Relatively Prime). We say that a and b are relatively prime if gcd(a, b) = 1.

1.1.4 Congruence

Definition 5 (Congruent). We say that a is congruent to b mod n if rem(a, n) = rem(b, n).

We notate that a is congruent to b mod n with a ≡ b mod n.

A useful alternate characterization of congruence is the following.

Theorem. For all a, b, n we have a ≡ b mod n iff n | (b− a).

Equivalently, we have a ≡ b mod n iff a = b + kn for some k. Take a moment to convince
yourself that these statements are equivalent.

Congruence gives an equivalence relation.

Theorem (Congruence Gives an Equivalence Relation). For any n, we have Rn = {(a, b) :
a ≡ b mod n} is an equivalence relation.

Since congruence gives an equivalence relation, it also gives equivalence classes which partition
the integers. The following characterizes these equivalence classes.

Theorem. For any a, n, we have that the equivalence class of a under Rn is

[a]Rn = {a+ nk : k ∈ Z}.

In other words, the equivalence class of a is a plus all multiples of n. Each equivalence class of
Rn, then, is a multiple of n offset by an integer in [0, n).

Example
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The equivalence classes of R7 are

[0]R7 = {0 + 7k : k ∈ Z} = {0, 7, 14, 21, 28, . . .}
[1]R7 = {1 + 7k : k ∈ Z} = {1, 8, 15, 22, 29, . . .}
[2]R7 = {2 + 7k : k ∈ Z} = {2, 9, 16, 23, 30, . . .}
[3]R7 = {3 + 7k : k ∈ Z} = {3, 10, 17, 24, 31, . . .}
[4]R7 = {4 + 7k : k ∈ Z} = {4, 11, 18, 25, 32, . . .}
[5]R7 = {5 + 7k : k ∈ Z} = {5, 12, 19, 26, 33, . . .}
[6]R7 = {6 + 7k : k ∈ Z} = {6, 13, 20, 27, 34, . . .}.

1.1.5 Adding and Substituting into Congruences

In order to understand how to solve congruences in the same way that we solve equations, we
are interested in ways to get a new congruence that holds iff the original holds.

Like regular equations, we can add or subtract from both sides of a congruence.

Theorem. For any a, b, c, n we have a ≡ b mod n iff a+ c ≡ b+ c mod n.

Practice Problem(s)
Prove that if a ≡ b (mod m) and c ≡ d (mod m) then a+ c ≡ b+ d (mod m).

Similarly, we can substitute congruent numbers.

Theorem. For all a, b, b′, c, n where b ≡ b′ mod n we have a ≡ bc mod n iff a ≡ bc
mod n.

We always have that rem(b, n) ≡ b mod n for any b, n and so as a corollary of this we can
always substitute in a remainder as below.

Corollary. For all a, b, c, n we have a ≡ bc mod n iff a ≡ rem(b, n) · c mod n.

1.1.6 Multiplicative Inverses

The multiplicative inverse tells us when we can safely multiply both sides.

Definition 6 (Multiplicative Inverse). a is a multiplicative inverse of b mod n iff a · b ≡ 1
mod n

Multiplying both sides of an equation by the multiplicative inverse of a is similar to dividing
both sides of an equation by a.

4
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Example
5 is a multiplicative inverse of 3 mod 14 since 5 · 3 ≡ 1 mod 14.

The following exactly characterizes when a multiplicative inverse exists.

Theorem. For all a, n, we have a has a multiplicative inverse mod n iff a, n are relatively
prime.

Notice that if p is a prime then any a ∈ (0, p) is relatively prime to p and so when working mod
prime p, any a ∈ (0, p) has a multiplicative inverse.

The following is the sense in which the multiplicative inverse tells us when we can safely multiply
both sides.

Theorem. For any a, b, c, n where c has a multiplicative inverse mod n, we have a ≡ b
mod n iff ac ≡ bc mod n.

Applying the above characterization of when a multiplicative inverse exists, we also have that
a ≡ b mod n iff ac ≡ bc mod n exactly when c is relatively prime to n.

1.1.7 Fermat’s Little Theorem

Fermat’s Little Theorem gives a nice formula for finding the multiplicative inverse when working
mod a prime.

Theorem (Fermat’s Little Theorem). For prime p and a ∈ (0, p), we have ap−1 ≡ 1 mod p.

Factoring out an a from the above we have ap−2 · a ≡ 1 mod p so we get the following corollary
for finding multiplicative inverses when working mod a prime.

Corollary. For prime p and a ∈ (0, p) we have ap−2 is a multiplicative inverse of a mod p.

Example
35−2 = 33 = 27 is a multiplicative inverse of 3 mod 5.

1.1.8 Euler’s Theorem

Euler’s Theorem generalizes this to when we are not working mod a prime. It is based on the
totient function.

5
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Definition 7 (Euler’s Totient Function). The totient of n is the number of integers relatively
prime to n in [1, n).

We notate the totient of n with ϕ(n).

Example
ϕ(10) = 4 because the integers in [1, 10) relatively prime to 10 are 1, 3, 7, 9.

Notice that if p is prime then ϕ(p) = p− 1.

If n is a product of (distinct) primes, then its totient is easy to compute as below.

Theorem. For all pairs of distinct primes p, q we have ϕ(pq) = (p− 1)(q − 1).

Theorem (Euler’s Theorem). For n ≥ 1 and a relatively prime to n we have aϕ(n) ≡ 1
mod n.

Notice that: (1) this generalize Fermat’s Little Theorem since ϕ(n) = n− 1 for any prime n and
(2) gives the following formula for multiplicative inverses whenever they exist.

Corollary. For all n ≥ 1 and a relatively prime to n, we have aϕ(n)−1 is a multiplicative
inverse of a mod n.

Example
ϕ(10) = 4 and 3 is relatively prime to 10 so 34−1 = 27 is an inverse of 3 mod 10.

1.2 Technique: Computing GCD with Euclid’s Algorithm

We can use Euclid’s algorithm to compute the GCD of two numbers.

Algorithm 1 Euclid’s Algorithm
Require: Integers a, b such that a ≤ b
1: while a ̸= 0 do
2: r ← rem(b, a)
3: b← a
4: a← r
5: end while
6: output b

In other words, Euclid’s Algorithm repeatedly replaces the larger number b with the remainder
of b divided by a until one number is 0.

6
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Practice Problem(s)

1. Calculate gcd(1147, 899) using the Euclidean algorithm.

2. Calculate gcd(556, 148) using the Euclidean algorithm.

1.3 Technique: Finding Multiplicative Inverses

You should be able to find multiplicative inverses mod n or decide that they don’t exist.
Generally, we like for these inverses to be in [0, n). If a is not relatively prime to n then it has
no multiplicative inverse mod n.

Otherwise, if n is prime we can use Fermat’s Little Theorem to find a multiplicative inverse as
below.

To find a multiplicative inverse of a ∈ [0, n) mod n for prime n:

1. Compute an−2

2. Return rem(an−2, n)

More generally, we can use Euler’s Theorem no matter what n is.

To find a multiplicative inverse of a ∈ [0, n) mod n when a, n relatively prime:

1. Compute ϕ(n)

2. Compute aϕ(n)−1

3. Return rem(aϕ(n)−1, n)

Practice Problem(s)
Use Fermat’s Little Theorem or Euler’s Theorem to find a multiplicative inverse of these
numbers mod n in [0, n). If the inverse does not exist, show why it does not exist.

1. 142 (mod 5)

2. 1452 (mod 9)

3. 46 (mod 15)

7
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1.4 Technique: Solving Congruences

You should be able to solve for x in a congruence. The following are the rules we’ve seen that
can be applied while preserving all solutions.

Add/Subtract. a ≡ b mod n iff a+ c ≡ b+ c mod n (for all c)
Multiply/Divide. a ≡ b mod n iff ac ≡ bc mod n (c, n relatively prime)

Substitute Equivalent. a ≡ bc mod n iff a ≡ b′c mod n (b ≡ b′ mod n)
Substitute Remainder. a ≡ bc mod n iff a ≡ rem(b, n)c mod n

Generally, the solutions to a congruence will be an equivalence class.

Example

3x ≡ 2 (mod 7)

iff
5 · 3x ≡ 5 · 2 (mod 7) (multiply)

iff
15x ≡ 10 (mod 7)

iff
1 · x ≡ 3 (mod 7) (substitute: 15 ≡ 1 (mod 7))

iff
x ≡ 3 (mod 7)

So the x satisfying 3x ≡ 2 (mod 7) are

[3]R7 = {. . . , 3, 10, 17, . . .}.

1.5 Technique: Computing Remainders of Big Numbers

You can use Fermat’s Little or Euler’s Theorem to compute the remainder of large integers
gotten by raising things to a high power.

In particular, if you want to compute the remainder of ak divided by n and a is relatively prime
to n then you rewrite ak as ax · ay where x is either a multiple of p− 1 or ϕ(n) and then apply
Fermat’s Little Theorem of Euler’s Theorem.

Example
We use Fermat’s Little Theorem to compute the remainder of 7222 when divided by 13.

By Fermat’s Little Theorem, we know

712 ≡ 1 (mod 13).

8
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Since 222 = 6 + 18 · 12 we get

7222 ≡ 76+18·12 mod 13

≡ 76 · (712)18 mod 13

≡ 76 · 1 mod 13

To reduce this further we have

72 ≡ 49 ≡ 10 mod 13,

74 ≡ 102 = 100 ≡ 9 mod 13,

76 ≡ 74 · 72 ≡ 9 · 10 = 90 ≡ 12 mod 13.

So the remainder is 12.

9
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2 Combinatorics

Combinatorics studies the number of ways to do things or, equivalently, the cardinality of a set.
For combinatorics, we studied a number of different “rules” to count the number of ways to do
things.

2.1 Key Concept Review

2.1.1 Comparing Set Cardinalities with Functions

We can use functions to compare set cardinalities.

Theorem. Given sets A,B, function f : A→ B, if

• f is injective then |A| ≤ |B|

• f is surjective then |A| ≥ |B|

• f is bijective then |A| = |B|

2.1.2 Product Rule and Permutations

Informally, the product rule states that if a procedure breaks down into k tasks where there
are ni ways to do the ith task, then the number of ways to do the procedure is n1 · n2 · . . . · nk.
Formally, the product rule gives the cardinality of a set formed by the product of other
sets.

Theorem (Formal Product Rule). If set B = B1×B2×. . .×Bk then |B| = |B1|·|B2|·. . .·|Bk|.

The (informal) product rule only works if each of the tasks are independent in the sense that
doing one does not influence the number of ways to do the others. If the choices are instead
dependent we must use the generalized product rule. The generalized product rule states that
if a procedure breaks down into k tasks where there are ni ways to do the ith task assuming we
have done the first i− 1 tasks, then the number of ways to do the procedure is n1 · n2 · . . . · nk.

The generalized product rule is useful for, for example, counting the number of permutations of
an n element set as n!.

Definition 8 (Permutation of a Set). A permutation of a set A is an |A|-element sequence
containing each element of A exactly once.

10
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Example
The number of permutations of n elements is n!. This follows by the generalized product
rule because we can break down constructing a sequence into choosing the first element
for which there are n choices, then choosing the second element for which there are n− 1
choices and so on for n · (n− 1) · (n− 2) · . . . = n! .

2.1.3 Sum Rule

Informally, the sum rule states that if a procedure can be done in n1 or n2 or . . . or nk distinct
ways, then it can be done in n1 + n+ 2 + . . .+ nk ways. Formally, the sum rule computes the
cardinality of the union of disjoint sets.

Theorem (Formal Sum Rule). Given B = B1 ∪ B2 ∪ . . . ∪ Bk where B1, B2, . . . , Bk are
disjoint we have |B| = |B1|+ |B2|+ . . .+ |Bk|.

2.1.4 Division Rule

Informally, the division rule says that if there is a procedure that can be done in n ways, which for
each outcome has k ways of arriving at that outcome, then the procedure has n/k outcomes.

Formally, the division rule relates set sizes via “k-to-one functions.” Given sets A,B and function
f : A → B, the pre-image of b ∈ B is f−1(b) = {a ∈ A : f(a) = b}. We say f is k-to-1 if
|f−1(b)| = k for all b ∈ B.

Theorem (Formal Division Rule). Given finite sets A,B and function f : A→ B, if f is
k-to-1, then |B| = |A|/k.

Example
Let’s say we own a bakery. We have 5 cupcakes left, 3 of which are chocolate and 2 of which
are lemon. We want to find the number of ways to display the 5 cupcakes, before deciding
which one looks the best. If all cupcakes had different flavors, there would be 5! = 120 ways
to arrange them. Given that the 3 chocolate cupcakes have 3! = 6 ways to arrange them
and the 2 lemon cupcakes have 2! = 2 ways to arrange them, the total number of ways to
display our 5 cupcakes is 5!

3!·2! =
120
6·2 = 10.

2.1.5 n Choose k

We used the division rule to derive a formula the number of cardinality k subsets of a cardinality
n set.

11
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Definition 9 (n Choose k). n choose k is the number of cardinality k subsets of a cardinality
n set.

We notate n choose k as
(
n
k

)
.

Example(
4
1

)
= 4 because there are 4 cardinality 1 subsets of any cardinality 4 set.

Example
The number of bitstrings of n bits with exactly k bits is

(
n
k

)
. To see this, let A be any set

with n elements {a1, a2, . . . , an}. Then, let f : A→ {0, 1}n be the function which given a
cardinality k subset A′ ⊆ A outputs the bitstring whose ith bit is 1 iff ai ∈ A′. This is a
bijection which shows the cardinality of these two sets is equal.

The following is the nice formula for n choose k.

Theorem (n Choose k Formula). For any integers n and k ∈ [0, n] we have(
n

k

)
=

n!

(n− k)!(k)!

2.1.6 Stars & Bars

We also used the division rule to derive stars and bars, a useful way of counting the number of
ways to divide n things into k categories.

Theorem (Stars and Bars). The number of ways to place k − 1 bars among n stars is(
n+k−1
k−1

)
.

If we treat the number of things between bars as the number of things of each category, a
placement of k − 1 bars among n things/stars naturally corresponds to breaking up n things
into k categories as below.

∗ . . . ∗︸ ︷︷ ︸
category 1

| ∗ . . . ∗︸ ︷︷ ︸
category 2

|| ∗ . . . ∗︸ ︷︷ ︸
category 4

| ∗ . . . ∗ | ∗ ∗ ∗︸︷︷︸
category k

Example
Suppose we are buying 10 donuts and there are 3 different kinds of donuts: chocolate, vanilla
and plain. Then, by stars and bars, the number of ways we can buy donuts is

(
10+3−1
3−1

)
= 66.

12
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2.1.7 Binomial Theorem

One last topic related to the division rule is the binomial theorem.

Theorem (Binomial Theorem). For any a, b and n ≥ 1 we have

(x+ y)n =

n∑
k=0

(
n

k

)
xkyn−k

.

Practice Problem(s)

1. What is the hundreds-place digit of 112024?

2. Find the middle term(s) of ( px + x
p )

9

2.1.8 Subtraction Rule (Inclusion/Exclusion Formula)

The subtraction rule (a.k.a. inclusion/exclusion) computes the cardinality of the union of (not
necessarily disjoint) sets.

Theorem (Formal Subtraction Rule, k = 2). Given B = B1 ∪B2 we have

|B| = |B1|+ |B2| − |B1 ∩B2|

.

Generalizing to 3 sets we get the following

Theorem (Formal Subtraction Rule, k = 3). Given B = B1 ∪B2 ∪B3 we have

|B| = |B1|+ |B2|+ |B3| − |B1 ∩B2| − |B2 ∩B3| − |B1 ∩B3|+ |B1 ∩B2 ∩B3|

.

Going further, we can repeat this process for any number of sets, alternating between adding
and subtracting the sizes of sets.

2.1.9 Pigeonhole Principle

Informally, the pigeonhole principle states that if we put > k objects into k holes then some
hole contains at least 2 objects. Formally, it is as follows.

13
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Theorem (Pigeonhole Principle). Given sets A,B, if |A| > |B|, then for all functions
f : A→ B, there exists b ∈ B such that |f−1(b)| ≥ 2.

The generalized pigeonhole principle generalizes this to when we put much more than k objects
into k holes. Informally, the generalized pigeonhole principle states that if we put > a · k
objects for a ∈ N into k holes then some hole contains at least a+ 1 objects. Formally, it is as
follows.

Theorem (Generalized Pigeonhole Principle). If |A| > a · |B| for a ∈ N, then for every
function f : A→ B there exists b ∈ B such that |f−1(b)| ≥ a+ 1.

You should be able to apply any of the above techniques. We’ve organized some problems below
by the techniques.

2.2 Technique: Comparing Set Cardinalities

You should be able to use injective/surjective/bijective functions to compare set cardinali-
ties.

Practice Problem(s)
Show that the number of n-bit bitstrings with exactly (n− k) ones is

(
n
k

)
.

2.3 Technique: Applying the Product Rule

You should be able to apply the product rule.

Practice Problem(s)

1. How many strings of eight English letters are there (considering y as a consonant)

a) that contain no vowels, if letters can be repeated?

b) that contain no vowels, if letters cannot be repeated?

c) that start with a vowel, if letters can be repeated?

d) that start with a vowel, if letters cannot be repeated?

e) that contain at least one vowel, if letters can be repeated?

f) that contain exactly one vowel, if letters can be repeated?

g) that start with X and contain at least one vowel, if letters can be repeated?

14
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h) that start and end with X and contain at least one vowel, if letters can be repeated?

2. Count the number of paths in the xy plane between the origin (0, 0) and point (5, 3).
Each path consists of a series of steps, where each step is a move one unit to the right
or a move one unit upward. Two such paths are illustrated below:

3. (This was a scrapped homework problem that one of the TAs thought was fun - an
equivalent exam question would be one part of this problem)

Contrary to popular belief, the dinosaurs invented cards. Consider a standard deck of
52 cards. The dinosaurs played a game where each dino received 4 cards. For this
problem, the order of the cards dealt does not matter, but the suits do.

a) How many combinations of four card hands would a dino have exactly three of
the same number (three of a kind)?

b) How many combinations of four card hands would a dino have two pairs of
different numbered cards (two-pair)?

c) The dinos got bored and decided to invent the joker, a 53rd card that acts as
a wild card, and can represent any number, but not a suit. (Ex: the joker can
be a 2, but not the 2 of spades) Assume that if the joker can be used to
make a two-pair, it will. Additionally, assume this is the only way the joker
can be used, and otherwise it is just its own separate card with no suit.

i) Repeat a) with the joker and the above assumption

ii) Repeat b) with the joker and the above assumption

d) After a million years, the dinos got bored again. Now, assume that if the
joker can be used to make three of a kind, it will.

i) Repeat a) with the joker and the above assumption

ii) Repeat b) with the joker and the above assumption

e) The dinos wanted to determine a winner for their game, and wanted the hand
that was rarer, or had less combinations, to win. Lets say Dan has two pairs,
and Brendan has three of a kind. List the winners for the three scenarios (a & b,
c, d)
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2.4 Technique: Applying Binomial Theorem

You should be able to apply the binomial theorem.

Practice Problem(s)

1. What is the hundreds-place digit of 112024?

2. Find the middle term(s) of ( px + x
p )

9

2.5 Technique: Applying the Division Rule (And Related Concepts)

You should be able to apply the division rule or stars and bars.

Practice Problem(s)

a. Suppose you’re hosting a party with 12 guests and buy 12 distinct party hats. The 12
guests are comprised of 6 pairs of identical twins. They are so identical that if a pair
of twins switch hats, we can’t tell. How many distinct ways can we distribute the
party hats? You do not have to simplify your answer!

b. What if the 12 guests were comprised of 4 sets of triplets? 3 sets of quadruplets?

Practice Problem(s)

1. Solve each of the counting problems below with stars and bars.

a) How many ways are there to select a handful of 6 jellybeans from a jar that
contains 5 different flavors?

b) How many ways can you distribute 5 identical lollipops to 6 kids?

c) How many 6-letter words can you make using the 5 vowels in alphabetical order?

d) How many solutions are there to the equation x1 + x2 + x3 + x4 = 6?

2. Using the digits 2 through 9 (inclusive), find the number of 4-digit numbers such that:

a. Digits cannot be repeated and must be written in increasing order. (Increasing
means strictly increasing. For example, the digits of 134 are increasing, but the
digits of 133 are not.)

b. Digits can be repeated and must be written in non-decreasing order. (Now the
digits don’t need to be strictly increasing; 133 has digits non-decreasing.)

16
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3. How many integer solutions to x1+x2+x3+x4 = 25 are there for which x1 ≥ 1, x2 ≥
2, x3 ≥ 3 and x4 ≥ 4?

4. Consider functions f : {1, 2, 3, 4, 5} → {0, 1, 2, · · · , 9}.

a. How many of these functions are strictly increasing? Explain. (A function is
strictly increasing provided if a < b, then f(a) < f(b).)

b. How many of the functions are non-decreasing? Explain. (A function is non-
decreasing provided if a < b, then f(a) ≤ f(b).)

2.6 Technique: Applying Subtraction Rule

You should be able to apply the subtraction rule.

Practice Problem(s)

1. How many 6-digit numbers are even or are divisible by 5?

2. How many positive integers less than or equal to 1000 are multiples of 3, 5, or 7?

3. How many elements are in A1 ∪A2 if there are 12 elements in A1, 18 elements in A2,
and

a) A1 ∩A2 = ∅?

b) |A1 ∩A2| = 1?

c) |A1 ∩A2| = 6?

d) A1 ⊆ A2?

2.7 Technique: Applying the Pigeonhole Principle

You should be able to apply the pigeonhole principle.

Practice Problem(s)

1. What is the minimum number of times you must roll a six-sided dice before you can
guarantee that 10 or more of the rolls resulted in the same number?

2. Prove that any set of seven distinct natural numbers contains a pair of numbers whose
sum or difference is a multiple of 10.
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3. A game comes with 40 six-sided dice (each numbered 1 to 6). Suppose you roll all 40
dice. Prove that there will be at least seven dice that land on the same number.

18
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